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‘ 1. Intro ducti on I

Dersty information iscanma stati sticd information that iIsused
for approximae query answering, query opti mizaion, clusterng, etc.
Typicdly, histogram are usedto roughly estmae the dersty. Kernel
basedestmaors gererdize histograms. They ersue that the estt
maed dersity function is cantinuous and that derivativesexst. This
demastration dema the APDF tree[1, 2], an adaptivetreethat sup-
ports the e ective and e ciert canputation of cantinuous dersity In-
formation.

Figure 1 (a) illustrates kerrel additions. The data is illustrated
by the six cressesat the bottom of Figure 1 (a). The data points
represeh the age of six persms. We draw a kerrel function around
each data point. The addition of all kerrels yields the estmation of
the probability dersty function (PDF, dashedline).
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(a) Uniform Partition (b) The APDF Tree

Figure 1: Theldeaofthe APDF Tree(1D)

The kerrel additions are canputed on a uniform partition, and
the valuesof the PDF are interpolated betweenpartition points. The
shaded regons quantify the shag error (SE): the di erencebetween
the PDF and thelinea interpolations. Figure 1 (a) illustratesthe key
problemwith a uniform partitioning: a n e partitioning yields a good
but expersive estmaion wherea a caarse partitioning yields a bad
but fast estmaion. The ADPF treeis an adaptivetreestructure that
yields a fast and precseestmation of the PDF.

Figure 1 (b) illustratesthe APDF treefor the samedataset. The
APDF tree allocaes mare partition points in non-linea aress of the
PDF and fewer partition points in linea areas of the PDF. Thisyields
not only a bounded but atight cantrol of the shape erra, and makes
the estmation fast and precse. T he posterdescirbesthe canputation
of the APDF partitions with a tight cantrol of the shape erra and
dema the implememation for di erent datasets.
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‘ 2. Overview of the APDF Metho d |

We usethe Plane $heredataset(cf. Figure 2) to illustrate the can-
struction of the APDF tree. The dataset cansists of two structures:
a plane (distributed in the unit square) and a sphere(2D normal dis-
tributed data in the bottom-ight caner of the unit square).
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Figure 2: The PlaneShere Data and its PDF

Figure 3 illustratesthe credion of the APDF treefor the Plane-
Soheredataset. The canputation starts with a sparse uniform par-
titton and performs the kerrel additions on this partition (cf. Fig-
ure 3 (a). The APDF method theniderti es areas wherethe PDF is
non linea and sgits theseareas. In our example all areas are sdit
after the rst iteraion (cf. Figure 3 (b)). This procesati nuesuntil
theapproximaedshapeerra isuniformly low in all areas of the APDF
tree. In iteration 2 (cf. Figure 3(c)) only the areas at the bordersare
sdit. Sncethe PDF islinea in the cener of the space,no additional
points are introducedthere. The 3rd iteraion (cf. Figure 3 (d)) adds
further partition points at the bordersof the universe.The rectangles
aresdit in X and Y direction in the canersaf the universesincethe
PDF is non-linea in both directions in the caners. The restof the
rectanglesare sdit in one direction sincethe PDF isnon-linea only Iin
one direction. The 4th iteraion canpletesthe credion of the APDF
tree. Only the areawith the sphereis sdit. The PDF isnon-linea at
the pe&k of the PDF and at the boundary of the sphere.

(@) Initial Partition  (b) 1st Iteration (c) 2nd Iteration
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(d) 3rd Iteration (e) 4th Iteration
Figure 3: Creation of the APDF Tree

‘ 3. Individual Steps |

This secton zooms into the 3rd iteraion and presers the cae
steys of one iteraion of the APDF tree canstruction: split, tree opti-
mization, kerneladditions, unsplit, and the secad treeopti mization.
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Figure 4: Start of the Iteration (cf. Figure 3 (c))

Figure 4 shows the APDF tree at the begnning of the iteration.
Thetreecasistsof theroot node with a uniform partition of sze4x4
(4 partition points per coordinate). The 12 outer rectanglesof the
root are sdit and the 4 inner rectanglesare not sdit. The 12 sgit
rectanglesare organizedinto 4 nodeswith alocd uniform partition of
szes2x8, 4x2, 6x2, and 2x6. Thetreeillustration shows the structure
of the nodesand the parert-child cannections. The areas that were
sdit in the prevous iteraion are cdored green Theseare the only
areas that can have a too high shape erra.

Solitti ng isthe rst stepin theiteraion. The sdit stepprocesses
the setof nodesC that wereintroducedin the prevous step It scans
C and predcts if the shape erra is too high along one of the caoor-
dinates. If the shape erra is too high, it sdits along the resgectve
coordinate. Sncethe sdit predcts the shape erra it can (and of-
ten will) introducetoo many sgits. The unsgdit stepis later usedto
reme/e unnecessy syits.
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Figure 5: Split

Figure 5 illustratesthe resut of the sdit step All areas weresdit
further. In thecanersof theunit squarethe PDF isnon-linea in both
dimersions, therebre we sdit the areas accading to both dimersions.
In the other areas the PDF is non-linea accading to one dimersion
only, therebretherectanglesare sdit accading to onedimersion only.
The sdit stepproducesa lot of smdl rectangles(groups of rectangles
are indicaed by G;). Thetreeoptimizaion stepgroupstherectangles
Into fewer nodes.

Figure 6: TreeOptimization

The tree optimizaion (T O) stepis appliedto the APDF treeto
speedup the canputation of subseaiert kerrel additions. The TO
stepscans the nodesC that weresgdit and groups nodesof the same
granularity into new nodesof local uniform partitions (LUP). The
algorithm produceshyper+ectangular shaped nodes (cf. Section 2).
Figure 6 shows the APDF tree after the tree optimizaion. The TO
stepreaganizeshe 52 nodesintroducedby the sgit stepinto 9 nodes.
This e ectively reducesthe timefor the subseqiert kerrnel additions.
The kerrel addition stepupdatesthe newpartition points with kerrel
additions.
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(a) Unsdit (b) TreeOptimizaion (TO)
Figure 7. Unsplit and TreeOptimization Steps

Theunsgdit (US) stepscansthenodesand remavesparti tion points
that did not increasethe precsion of the estmaor. At thesepoints
the shape erra was already low and the sdit stepoversdit the area
The partition after the US stepisillustrated in Figure 7 (a).

The secad tree optimizaion canpletesthe iteraion (cf. Fig-
ure 7 (b)). Agan cotiguous areas of the same shape are grouped
Into the sane node to get large areas with a locd uniform partition.

‘ 4. Evaluation of the APDF Tree |

This secton describesthe third part of the demo the canparism
of APDF partitions for di erent datasetsand dimersions. Figure 8
Illustratesthe APDF treesfor the Linea dataset. T he distribution of
the data islinea accading to each coordinate. The dersty increaes
from caner (0; O; 0) towards the opposite caner of the universewhere
It decreaesvery fast.

(a) 2D APDF (b) 3D APDF

Figure 8: The Linear Dataset

The dataset nicel illustrates the directional sdits of the APDF
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tree. The APDF tree doesnot allocae any partition points in the
linea areaof the PDF, and introducesdirectional sdits in non-linea
areas of the PDF.

2D APDF 3D APDF
Figure 9: The Click-Stream Dataset

Figure 9 illustratesthe APDF treefor red world click strean data.
Country, timeof visit, and URL of theretrieveddocumert are mapped
to X, Y, and Z coordinates. The PDF reweds that most clicks cane
from two cauntriesand that the cauntrieshave a di erent distribu-
tion along the timedimersion. The APDF treeintroducesdirectional
sdits in non-linea areas of the PDF and doesnaot sdit therestof the
universe.

‘ 5. Summary I

The posterdiscisseshee ciert estmation of cantinuous derstty
iInformation, which isimportant statisticd information that is usedin
many areas (e g., approximate query answering, clusterng, query opti-
mizaion). Our estmaor not only providesan upper but alsoa lower
bound for the erra. This allows to cantrol the spaceand time can-
plexty of the estmaion. A variety of data setswill be available that
allow to investpate the estmaion of dersity information in gererd
and the canstruction of the APDF treein particuar.
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