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1. I ntro ducti on

Density information iscommon statistical information that isused
for approximate query answering, query optimization, clustering, etc.
Typically, histogram are usedto roughly estimate the density. Kernel
basedestimators generalize histograms. They ensure that the esti-
mated density function is continuous and that derivativesexist. This
demonstration demostheAPDF tree[1, 2], an adaptive treethat sup-
ports the e�ective and e� cient computation of continuous density in-
formation.

Figure 1 (a) illustrates kernel additions. The data is illustrated
by the six crossesat the bottom of Figure 1 (a). The data points
represent the age of six persons. We draw a kernel function around
each data point. The addition of all kernels yields the estimation of
the probability density function (PDF, dashedline).
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(a) Uniform Parti tion (b) The APDF Tree

Figure 1: The Ideaof the APDF Tree(1D)

The kernel additions are computed on a uniform parti tion, and
the valuesof the PDF are interpolated betweenparti tion points. The
shadedregions quanti fy the shape error (SE): the di�erencebetween
thePDF and the linear interpolations. Figure 1 (a) illustratesthekey
problemwith a uniform parti tioning: a �n eparti tioning yields a good
but expensive estimation whereas a coarseparti tioning yields a bad
but fast estimation. TheADPF treeisan adaptivetreestructure that
yields a fast and preciseestimation of the PDF.

Figure 1 (b) illustratesthe APDF treefor the samedataset. The
APDF tree allocatesmore parti tion points in non-linear areas of the
PDF and fewerparti tion points in linear areasof thePDF. Thisyields
not only a bounded, but a tight control of theshapeerror, and makes
theestimation fast and precise.Theposterdescribesthecomputation
of the APDF parti tions with a tight control of the shape error and
demos the implementation for di�erent datasets.

2. Overv iew of the A PDF Metho d

WeusethePlaneSpheredataset(cf. Figure2) to illustrate thecon-
struction of the APDF tree. The dataset consists of two structures:
a plane (distributed in the unit square) and a sphere(2D normal dis-
tributed data in the bottom-right corner of the unit square).

Figure 2: The PlaneSphere Data and its PDF

Figure 3 illustratesthe creation of the APDF tree for the Plane-
Spheredataset. The computation starts with a sparseuniform par-
ti tion and performs the kernel additions on this parti tion (cf. Fig-
ure 3 (a). The APDF method then identi �es areas wherethe PDF is
non linear and splits theseareas. In our example all areas are split
after the �rst iteration (cf. Figure 3 (b)). This processcontinuesunti l
theapproximatedshapeerror isuniformly low in all areasof theAPDF
tree. In iteration 2 (cf. Figure 3 (c)) only theareas at thebordersare
split. Sincethe PDF is linear in the center of the space,no additional
points are introducedthere.The 3rd iteration (cf. Figure 3 (d)) adds
further parti tion points at thebordersof theuniverse.The rectangles
are split in X and Y direction in the cornersof the universesincethe
PDF is non-linear in both directions in the corners. The rest of the
rectanglesaresplit in onedirection sincethePDF isnon-linear only in
one direction. The 4th iteration completesthe creation of the APDF
tree. Only the areawith the sphereis split. The PDF is non-linear at
the peak of the PDF and at the boundary of the sphere.

(a) Initial Parti tion (b) 1st Iteration (c) 2nd Iteration

(d) 3rd Iteration (e) 4th Iteration

Figure 3: Creation of the APDF Tree

3. I ndi vidua l Steps

This section zooms into the 3rd iteration and presents the core
steps of one iteration of the APDF treeconstruction: split, tree opti-
mization, kerneladditions, unsplit, and thesecond treeoptimization.
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Figure 4: Start of the It eration (cf. Figure 3 (c))

Figure 4 shows the APDF treeat the beginning of the iteration.
The treeconsistsof the root nodewith a uniform parti tion of size4x4
(4 parti tion points per coordinate). The 12 outer rectanglesof the
root are split and the 4 inner rectanglesare not split. The 12 split
rectanglesare organizedinto 4 nodeswith a local uniform parti tion of
sizes2x8, 4x2, 6x2, and 2x6. The treeillustration shows thestructure
of the nodesand the parent-child connections. The areas that were
split in the previous iteration are colored green. Theseare the only
areas that can have a too high shape error.

Splitti ng is the �rst stepin the iteration. The split stepprocesses
thesetof nodesC that wereintroducedin theprevious step. It scans
C and predicts if the shape error is too high along one of the coor-
dinates. If the shape error is too high, it splits along the respective
coordinate. Since the split predicts the shape error it can (and of-
ten will) introducetoo many splits. The unsplit stepis later usedto
remove unnecessary splits.
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Figure 5: Split

Figure5 illustratestheresult of thesplit step. All areasweresplit
further. In thecornersof theunit squarethePDF isnon-linear in both
dimensions, therefore wesplit theareasaccording to both dimensions.
In the other areas the PDF is non-linear according to one dimension
only, thereforetherectanglesaresplit according to onedimension only.
The split stepproducesa lot of small rectangles(groups of rectangles
are indicatedby Gi ). Thetreeoptimization stepgroupstherectangles
into fewer nodes.
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Figure 6: TreeOpt imization

The treeoptimization (TO) stepis applied to the APDF tree to
speedup the computation of subsequent kernel additions. The TO
stepscans the nodesC that weresplit and groups nodesof the same
granularity into new nodesof local uniform partitions (LUP). The
algorithm produceshyper-rectangular shaped nodes (cf. Section 2).
Figure 6 shows the APDF tree after the tree optimization. The TO
stepreorganizesthe52 nodesintroducedby thesplit stepinto 9 nodes.
This e�ectively reducesthe timefor the subsequent kernel additions.
Thekernel addition stepupdatesthenewparti tion points with kernel
additions.

(a) Unsplit (b) TreeOptimization (TO)

Figure 7: Unsplit and TreeOpt imization Steps

Theunsplit (US) stepscansthenodesand removesparti tion points
that did not increasethe precision of the estimator. At thesepoints
the shape error was already low and the split stepover-split the area.
The parti tion after the USstepis illustrated in Figure 7 (a).

The second tree optimization completesthe iteration (cf. Fig-
ure 7 (b)). Again contiguous areas of the same shape are grouped
into the samenode to get large areas with a local uniform parti tion.

4. Evaluati on of the A PDF Tree

Thissection describesthe third part of thedemo: thecomparison
of APDF parti tions for di�erent datasetsand dimensions. Figure 8
illustratesthe APDF treesfor the Linear dataset. The distribution of
the data is linear according to each coordinate. The density increases
from corner (0; 0; 0) towards theopposite cornerof theuniversewhere
it decreasesvery fast.

(a) 2D APDF (b) 3D APDF

Figure 8: The Linear Dataset

The dataset nicely illustrates the directional splits of the APDF

tree. The APDF tree doesnot allocate any parti tion points in the
linear areaof the PDF, and introducesdirectional splits in non-linear
areas of the PDF.

2D APDF 3D APDF

Figure 9: The Click-StreamDataset

Figure9 illustratestheAPDF treefor real world click stream data.
Country, timeof visit, and URL of theretrieveddocument aremapped
to X , Y, and Z coordinates. The PDF reveals that most clicks come
from two countriesand that the countrieshave a di�erent distribu-
tion along the timedimension. TheAPDF treeintroducesdirectional
splits in non-linear areas of thePDF and doesnot split the restof the
universe.

5. Summa ry

Theposterdiscussesthee� cient estimation of continuousdensity
information, which is important statistical information that is usedin
many areas(e.g., approximate queryanswering, clustering, queryopti -
mization). Our estimator not only providesan upper but alsoa lower
bound for the error. This allows to control the spaceand timecom-
plexity of the estimation. A variety of data setswill be available that
allow to investigate the estimation of density information in general
and the construction of the APDF treein parti cular.
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